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Three-Dimensional Reconstruction of Objects
Embedded in Spherically Layered Media
Using Variational Born Iterative Method
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Abstract— The variational Born iterative method (VBIM) is
employed here to reconstruct 3-D objects with permittivity
contrast buried in spherically multilayered media. The nonlinear
inverse problem is solved iteratively via the conjugate-gradient
method, and in each iteration, the scattered field is linearized by
using the Born approaximation. The forward solver is provided
by the method of moments combined with a Krylov subspace
method. The dyadic Green’s function for spherically layered
media is constructed in terms of the spherical vector wave
functions by using the scattering superposition in the spherical
coordinate system and then transformed into the Cartesian
coordinate system. Thus, the inversion region is discretized into N
uniform cubic cells and the reconstructed result can be obtained
in the Cartesian coordinate system by employing VBIM. Numer-
ical results with high resolution are presented to validate the
capability of our method in reconstructing 3-D multiple objects
of arbitrary shapes buried in spherically multilayered media.

Index Terms— Biconjugate-gradient stabilized algorithm
(BCGS), inverse scattering, permittivity contrast, spherically
layered media, variational Born iterative method (VBIM).

I. INTRODUCTION

THREE-dimensional reconstruction of inhomogeneous
objects of arbitrary shapes using electromagnetic (EM)

waves has a history of several decades. However, it is still
a challenge to solve the EM inverse scattering problem in
a stable and high-efficient way due to its nonlinearity and
ill-posedness. To overcome those difficulties, several research
groups proposed various linear [1]–[5] and nonlinear methods
[6]–[11]. Wang and Chew [12] reconstructed the permittivity
by employing the Born iterative method (BIM). They also
suggested the distorted BIM (DBIM) for inverse scattering
problems [13], which was further validated by several numer-
ical experiments based on laboratory measured data [14].
Zaiping and Yerong [15] developed a hybrid BIM (HBIM),
in which DBIM was used in the first several iterative steps
to gain the fast convergence while in the last several steps
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BIM was applied to make the solution more stable. How-
ever, the dyadic Green’s functions must been calculated for
each iteration in DBIM which is time consuming. Moreover,
switching from DBIM to BIM is not very convenient due
to the difference of two methods. Thus, Zaiping et al. [16]
suggested the variational BIM (VBIM) to reduce the com-
putation cost of DBIM and improve the switching to BIM
in 2-D media. Zhang and Liu [17] have successfully applied
the VBIM in simultaneous reconstruction of permittivity and
permeability contrasts. Up to now, there are several research
groups working on the 3-D reconstruction in a homoge-
neous [14], [16] or a planarly layered medium [18], [19]
background. However, 3-D inverse scattering from objects
with electric contrast in spherically layered media has not
been studied, although it has many potential applications
such as geophysical exploration, ionosphere detection, planet
exploration, and atmosphere characterization.

In this letter, we will focus on the 3-D reconstruction of
objects buried in spherically layered media by employing the
VBIM due to its stability and high-efficiency compared with
HBIM. The nonlinear inverse problem is solved iteratively by
conjugate-gradient (CG) method [20], and in each iteration,
it is linearized by Born approximation. In each inversion
iteration, a numerical forward solver based on the method
of moments (MOM) [21], [22] combined with the Krylov
subspace method is provided. In the forward solver, the dyadic
Green’s function in spherically layered media is first computed
in the spherical coordinate system and later transformed into
the Cartesian coordinate system.

This letter is organized as follows. In Section I, we give
a brief introduction of the forward and inverse problem for-
mulations. The reconstructed results with one or two objects
buried in a three spherically layered medium are presented in
Section III, followed by conclusions in Section IV.

II. THEORY

Fig. 1 shows a typical model of 3-D scattering and inverse
scattering in spherically layered media, where one or multi-
ple inhomogeneous dielectric objects of arbitrary shapes are
completely buried in a spherically layered medium that has m
layers with independent permittivity, conductivity, and perme-
ability (εi , σi , μi ). The complex permittivity is expressed as
ε̃ = ε+ σ/jω. The inversion region containing all the scatters
is denoted by D in the bth layer. The background permittivity,
conductivity, and permeability of the bth layer are εb, μb, σb,
respectively. The electrical properties of the scatter are ε(r),
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Fig. 1. Typical configuration of an inhomogeneous object buried in
spherically multilayered media.

σ(r), and μb, i.e., we only consider the electric contrast which
is more common in reality.

A. Forward Problem Formulation

As illustrated in Fig. 1, in a spherically layered medium,
an inhomogeneous dielectric object with an arbitrary shape is
completely buried in the bth layer. The scattered field Escat(r)
is the difference between the total electric field E(r) and the
incident field Einc(r), or

Escat(r) = Etot(r) − Einc(r) (1)

where r is the position vector in the 3-D space and Einc(r) is
the electric field in the absence of the scatterer but with the
existence of the spherically layered background medium.

According to the volume equivalence theorem, the scattered
field satisfies the following equation:

Escat(r) =
∫

D
GEJ(r, r′) · Jeq(r′)dr′ (2)

where GEJ(r, r′) is the electric dyadic Green’s function in the
spherically layered medium and denotes the electric field at
r caused by a point electric dipole at the position of r′. The
general expression of GEJ in spherically layered media can be
found in [23].

The volume equivalent current Jeq(r′) inside the inver-
sion region is proportional to the total electric field, and is
expressed as

Jeq(r′) = jωεbχε(r′)Etot(r′) (3)

where χε(r′) = [ε(r′) − εb(r′)]/εb(r′) stands for the electric
contrast, and the subscript b represents the bth layer of a
multilayered medium.

By combining (1) and (2), we can obtain the following
equation:
Einc(r) = Etot(r) − ω2μbεb

∫
D

GEJ(r, r′) · χε(r′)Etot(r′)dr.

(4)

In order to solve the volume integral equation above, we
need to transform it into a discrete linear system. For conve-
nience, we assume that the inversion region D containing the
objects is divided into N = Nx × Ny × Nz uniform cells. The
pulse function is used as the basis function, i.e., the electric
field at the center of each cell represents the mean value of the
whole cell. In addition, the Green’s function GEJ given in [23]
is in the spherical coordinate system, so we transform it into
the Cartesian coordinate system by applying the coordinate
transform matrix.

In this way, the discretized volume integral equation can be
solved by MOM combined with a Krylov subspace iteration
method. In this letter, we chose the bicongugate-gradient
stabilized (BCGS) algorithm due to its stabilization and rapid
convergence.

B. Inverse Problem Formulation

Once the total electric field in the inversion region is solved
by MOM combined with Krylov subspace iterative method,
the scattered electric field at the receivers can be obtained
from the following equation:

Escat(r, rT ) = jωεb

∫
D

GEJ(r, r′) · χε(r′)Etot(r′, rT )dr′ (5)

where r and rT denote the vector position of receivers and
transmitters, respectively. Escat(r, rT ) represents the scattered
field at the position of r caused by the transmitter at rT .

We performed several numerical experiments, and the
results show that VBIM has less computation burden compared
with DBIM and converges faster than BIM. Therefore, we
choose VBIM as the inversion algorithm in this letter. We first
take a variation on (5) and obtain the following equation:

δEscat(r, rT ) = jωεb

∫
D

GEJ(r, r′) · δχε(r′)Etot(r′, rT )dr′

(6)

where

δEscat(r, rT ) = Escat
meas(r, rT ) − Escat(k-1)(r, rT ) (7)

denotes the difference between the measured scattered electric
field and the calculated electric field at the (k − 1)th iteration,
and

δχε(r′) = χk
ε (r′) − χ(k−1)

ε (r′) (8)

stands for the difference of electric contrast between the kth
and (k − 1)th iterations.

To solve δχε in (6), we need to transform it into a discrete
system. The discretized equation can be expressed as

δf = Aδx (9)

where δf and δx are column vectors representing discretized
δEscat and δχε , respectively. A is a matrix in which each
element is a function of volume of cell, total electric field,
and the dyadic Green’s function. The full expression of A can
be found in [17]. The ill-posed (9) can be solved by applying
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the Tikhonov regularization method. The cost function for the
VBIM is defined as

Fn+1 = ||δfn − Aδχn+1||2
||fn ||2 + γ 2 ||δχn+1||2

||χn||2 (10)

where || || denotes the L2 norm. The minimization of the cost
function is equivalent to solving the following equation [17]:

(A†A + γ 2||fn||2
||χn||2 I)δχn+1 = A†δfn (11)

where † represents the complex conjugate and the transpose.
The CG method [20] is chosen here to solve this equation.
After we obtain δχε at the nth step, both Etot

n+1 and Escat
n+1

can be calculated by the forward solver. Thus, if the updated
δEscat is not smaller than the prescribed threshold, we update
the matrix A using Etot

n+1 and solve (11) again. In this way,
the contrast χε can be iteratively updated until the residual
relative error of Escat converges. At last, we can reconstruct
permittivity and conductivity from the final value of χε .

III. NUMERICAL RESULTS

In this section, we present some numerical results to validate
the effectiveness of our method in reconstructing objects with
electric contrast in spherically layered media.

We consider a three spherically layered medium and the
space is characterized by εr1 = 1.0, μr1 = 1.0, σ1 = 0.0 S/m,
r1 = 10.0 m; εr2 = 2.0, μr1 = 1.0, σ1 = 0.001 S/m, r2 =
5.0 m; and εr3 = 4.0, μr3 = 1.0, σ3 = 0.001 S/m. The oper-
ating frequency used here is 30 MHz. The measured data used
in the inversion are computed by our forward solver BCGS,
which have been validated by full wave simulations [24].
In this letter, we only demonstrate the reconstruction results
for the case in which the inversion region is located in the
middle layer of a three spherically layered medium, though
we can reconstruct the permittivity and conductivity in any
layer. The typical configuration of transmitters and receivers
is shown in Fig. 2. Six transmitters illuminate the inversion
region in six directions. Receivers randomly distribute in a
sphere shell covering the inversion region. Both receivers and
sources are distributed in the middle layer.

To evaluate the accuracy of the reconstructed results, we
define the relative error metric (REM) as

REM = ||εretrieved − εtrue||
||εtrue|| (12)

where εretrieved stands for the retrieved complex permittivity
and εtrue denotes the true complex permittivity in the inversion
region. In the following, we retrieve the permittivity values
in the inversion region by using both VBIM and BIM and
compare their REMs.

A. Cube Buried in the Middle Layer of a
Three-Layered Medium

In the first example, a homogeneous cubic scatterer with
εrx = 4.0, μrx = 1.0, andσx = 0.002 S/m is buried in
the middle layer. The center of the scatterer is located at
(4.55, 4.55, 4.55) m. The dimension of the scatterer is Lx =
L y = Lz = 0.5m. The inversion region D containing the

Fig. 2. Typical measurement configuration. Six electric dipoles are trans-
mitters and illuminate the inversion region in six directions. The receivers
randomly distribute in a sphere shell wrapping the inversion region.

Fig. 3. Reconstructed results of a cubic object buried in spherically layered
media. (a) Reconstructed relative permittivity. (b) Reconstructed conductivity.

scatterer is also a cubic region with one lower corner located
in (4.0, 4.0, 4.0) m and the opposite upper corner located
in (5.1, 5.1, 5.1) m. Thus, the object is at the center of the
inversion region in the middle layer. In order to get enough
information about the inversion region, we place 6 electric
dipole sources at the same distance from the centers of six
surfaces of D domain and 20 receivers randomly on a sphere
shell that covers the inversion region D. Both the electric
sources and the receivers are located in the middle layer, i.e., in
the same layer as the object. This kind of measurement config-
uration is typical in ocean detection or atmosphere exploration.
To simplify the calculation, we discrete the inversion region
into Nx × Ny × Nz = 11 × 11 × 11 uniform cubic cells.

The reconstructed results with the shading interpolations
applied are illustrated in Fig. 3. We find that a very convincing
identification of the location and the shape of the scatter can
be obtained. The values of both permittivity and conductivity
are around the true values. The REM is 11.6% for VBIM
but increases to 14.3% when BIM is used. We also place the
scatterer in the outermost layer and follow the same procedure
to reconstruct it. The results are similar and not shown here.

B. Two Cubes Buried in the Middle Layer of a
Three-Layered Medium

In order to validate the capability of our method in recon-
structing multiple objects, we use the same parameters of the
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Fig. 4. Reconstructed results of two cubic scatterers buried in spherically
layered media. (a) Reconstructed relative permittivity. (b) Reconstructed
conductivity.

layered medium as in the last example, and place two cubic
scatterers in the middle layer. The electrical parameters of one
object are εrx1 = 1.0, μrx1 = 1.0, and σx1 = 0.002 S/m,
while those of the other one are εrx2 = 4.0, μrx3 = 1.0,
and σx1 = 0.003 S/m. The dimensions of the scatterers are
Lx = L y = Lz = 0.5 m. Their center coordinates are
(4.55, 3.6, 4.55) m and (4.55, 4.7, 4.55) m, respectively. The
inversion region D containing the scatterer has one lower
corner located in (4.0, 3.0, 4.0) m and the opposite upper
corner located in (5.1, 5.1, 5.1) m. In this case, we discretize
the inversion region into Nx × Ny × Nz = 11 × 21 × 11
uniform cubic cells. The configuration of the transmitters and
the receivers is similar to that in the last example. However, we
increase the receiver number to 40 since the inversion region
is larger than that in the last example, and thus the number
of the unknowns in the discretized equation increases. The
reconstructed permittivity and conductivity in the inversion
region with the shading interpolations applied are shown in
Fig. 4(a) and (b), respectively. The retrieved permittivity of the
first cube is smaller than the background permittivity and that
of the second one is larger than the background permittivity,
as in the true model. We can see that both the permittivity
and conductivity of the inversion region are close to the true
values and reconstructed results show the exact locations of
both scatterers. The REM for VBIM is 12.4%. However, the
iteration is not convergent when BIM is used.

Fig. 5. Computed scattered field in the last iteration compared with measured
scattered field. (a) Real parts of Escat

z in receivers. (b) Imaginary parts of Escat
z

in receivers.

Fig. 6. Residual error of Escat versus the number of iteration steps.

Fig. 5 shows the comparisons between the calculated scat-
tered field in the last iteration and the measured scattered field
excited by one electric dipole. Both the real and imaginary
parts of scattered field Escat

z show good agreements between
the calculated and measured scattered fields. Other two com-
ponents of scattered electric fields have similar agreements and
are not shown here.

The relative residual error (RRE) of Escat is defined as

RRE =
∣∣∣∣Escat

cal − Escat
meas

∣∣∣∣
Recs∣∣∣∣Escat

meas

∣∣∣∣
Recs

(13)

where Escat
meas denotes the measured scattered fields in receivers

and Escat
cal stands for the computed scattered fields in each

iteration in the receivers. Fig. 6 depicts the residual error
between the calculated and measured scattered fields in the
receivers versus the number of iterations steps. It only takes
16 iterations of our method to make the RRE less than 0.5%.
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The VBIM works efficiently. It converges rapidly in the first
several iterations and gradually become stable in the following
steps.

Both examples are run on a computer with the CPU speed
of 3.60 GHz and one core used. For the first example, it takes
about 1 h 7 min to finish the forward solution, including
the computation of Green’s functions. For the inverse code
with Green’s functions precalculated, the elapsed time for each
iteration is less than 1 min. In less than 10 min, the relative
error of the scattered field drops lower than 0.5%. For the
second example, the forward solver costs a little more than
10 h, while the inversion procedure consumes about 1 h and
20 min when the relative error of the scattered field drops
lower than 0.5%. Note here we do not count the computation
time of dyadic Green’s functions when evaluating the inverse
procedure. It is time consuming but only needs to be calculated
once in VBIM.

Finally, we want to emphasize that we can also improve
the accuracy of the retrieved parameters by increasing the
receiver number. However, a larger number of receivers will
lead to a huge cost in real application. And the numerical
experiments show that the REM only decreases about 1%
if we increase the receiver number to 500 in the second
example.

IV. CONCLUSION

In this letter, we reconstruct the permittivity and conduc-
tivity of objects buried in spherically layered media using
the VBIM. The forward solver employed here is provided
by MOM combined with a Krylov subspace iterative method.
Numerical experiments are used to validate the ability of
VBIM in obtaining the location and size of multiple objects
with a high resolution. The contribution of this letter is
to provide an effective way to solve the inverse scattering
problems in spherically layered media. However, in this letter,
the computation cost is relatively high because the convolution
between dyadic Green’s functions and equivalent sources
cannot be directly accelerated by Fast Fourier Transform (FFT)
in spherically layered media. We only retrieved scatterers with
the size smaller than λ/10. The high-resolution reconstruction
of electrically large scatterers will cost huge computation time.
In addition, stronger scattering from electrically larger objects
will make the iteration more difficult to converge. The research
focus in the future is the the rotational invariance of dyadic
Green’s functions and FFT applications in the spherically
layered background media as well as their applications for
the reconstruction of electrically large objects.
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